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A microchannel heat sink with rib structures is investigated numerically for thermal resistance and pumping

power. Multi-objective shape optimization of a staggered-rib microchannel heat sink is performed using a multi-

objective evolutionary algorithm. Three design variables (i.e., ratios of the rib height to width of channel, width to

height of the rib, and channelwidth to pitch of the rib) are selected for optimization. Thermal resistance andpumping

power are taken as objective functions. Navier–Stokes and energy equations for laminar flow and conjugate heat

transfer are solved for flow analyses using a finite volume solver. Thermal resistance is decreased and the Nusselt

number is increased at the expense of pressure drop in a ribbed microchannel. Thermal resistance in a ribbed

channel is generally higher than that in a smooth channel for fixed pumping power, but the difference in thermal

resistance reduces as pumping power increases. The design variable of the ratio of rib height to width of channel is

primarily responsible for and the most sensitive to the heat transfer augmentation, whereas ratios of width to height

of the rib and channel width to pitch of the rib are found to be less sensitive in the design space. The ratio of channel

width to pitch of the rib is found tobe themost Pareto-sensitive (sensitive along thePareto-optimal front),whereas the

ratio of width to height of the rib is found to be the least Pareto-sensitive.

Nomenclature

Ac = cross-sectional area of the microchannel
As = surface area of the substrate base
Cp = specific heat
dh = hydraulic diameter
E = error vector
G = ��2 � 1�=��� 1�2
hrib = height of the rib
hconv = convective heat transfer coefficient
Hc = microchannel depth
I = identity matrix
k = thermal conductivity
Lx = length of the heat sink
Ly = width of the heat sink
Lz = height of the heat sink
M = number of objective functions
N = number of dimensions in design space
Nu = Nusselt number
n = number of microchannels
P = pumping power
p = pressure
prib = pitch of the ribs
Pr = Prandtl number
q = heat flux
R2 = coefficient of multiple determination
R2
adj = adjusted value of R2

Re = Reynolds number
Rth = thermal resistance
T = temperature
u = liquid velocity in the microchannel
V = variance

�V = velocity vector
wrib = width of the rib
Wc = width of the microchannel
Ww = fin width
x, y, z = orthogonal coordinate system
� = ratio of the rib height to width of channel
� = ratio of the rib width to height
" = error
� = ratio of fin width to depth of channel
� = ratio of channel width to pitch of the rib
� = dynamic viscosity
� = ratio of channel width to depth
� = density
� = standard deviation
	 = estimated parameters

Subscripts

avg = average value
b = bulk value
f = fluid
fd = fully developed
i = inlet
max = maximum value
mean = mean value
o = outlet
s = substrate
sc = smooth microchannel
sf = solid–liquid interface
w1 = microchannel side-wall 1
w2 = microchannel side-wall 2

I. Introduction

R ECENT developments in microelectromechanical systems
(MEMS) and advanced ultra-large-scale integration technol-

ogies and devices associated with microminiaturization have led to
significant improvement in packing densities. However, stacking of
high-performance microprocessors seems to be limited by thermal
density, because the operation of most electronic devices is strongly
influenced by their temperature and surrounding thermal environ-
ment. Moreover, the eagerness for higher flux dissipation from a
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microcooling device used in various systems such as micro-
refrigerators, avionics, robotics, medicine, and the electronic
industry and limitations of space in these devices led to the new
designs forminichannels andmicrochannel heat sinks. Sophisticated
fabrication processes have yielded economically competitive
microchannels with a high surface-area-to-volume ratio and opened
the way to implement new designs in silicon-based microcooling
systems.

The potential of the microchannel heat sinks as heat transfer
devices has motivated many researchers to analyze microcooling
phenomena and to conduct parametric studies. Tuckerman and Pease
[1] first realized the potential of this technology and laid a foundation
for silicon-based microchannel heat sink experimentation. They
experimented on a 56-�m-wide, 320-�m-deep microchannel
fabricated by a chemical-etching process. Samalam [2] reported
correlations for thermal resistance based on a theoretical study of the
microchannel. Weisberg et al. [3] presented a design algorithm for
the selection of a rectangular microchannel heat exchanger using a
two-dimensional conjugate heat transfer model. Some analytical
studies [4–6] have focused on modeling of the heat transfer and
optimization of the microchannel geometry. Kawano et al. [7]
performed both experimental and numerical studies for pressure drop
and thermal resistance for a microchannel heat sink. Qu and
Mudawar [8] computed three-dimensional fluid flow and heat
transfer for a microchannel with a rectangular cross section. The
ever-growing demand for higher heat flux dissipation has compelled
the researchers to investigate alternative heat transfer enhancement
techniques for these applications.

Recently, the microchannels have been investigated for passive
surface microstructures such as dimples, pin fins, and ribs for surface
heat transfer augmentation. Wei et al. [9] investigated heat transfer
augmentation inside a microchannel with a dimpled surface for
steady laminar flow in a rectangular microchannel. They found
secondary and recirculatory flow structures and discussed a heat
transfer enhancement mechanism. Cheng [10] simulated a two-layer
stacked microchannel heat sink with enhanced-mixing passive
microstructures. These structures led to higher heat transfer and
lower thermal resistance. Wang et al. [11] investigated friction
characteristics in a microchannel with various roughness elements
for two-dimensional single-phase flow. Liou et al. [12] investigated
Nusselt number distribution for vortex generators arranged on one
wall of a square channel at a Reynolds number of 1:2 � 104. They
computed 12 configurations of a single longitudinal vortex generator
for heat transfer augmentation in a square channel. They found that
the direction and strength of secondary flow were dominant among
the various effective factors to heat transfer enhancement in a square
channel. Ligrani et al. [13] carried out an exhaustive review of heat
transfer augmentation techniques and observed that recirculation and
shear layer reattachment are significant phenomena in heat transfer
enhancement around the rib. These investigations havemotivated the
application of microribs in the microchannel heat sink for heat
transfer augmentation.

Optimization methods with numerical analyses [14] are regarded
as general design tools and offer a number of advantages, including
automated design capability, varieties of constraints, and multi-
objective applications. Liu and Garimella [15] presented analytical
models and compared these models with the more robust three-
dimensional numerical model and optimized the microchannel
geometry. Kim [16] presented optimization procedure for a
rectangular microchannel heat sink based on fin model, porous
medium model, and numerical analysis at constant pumping power.
He found that the assumptions used in the fin model are invalid for a
large-aspect-ratio microchannel, and he used a polynomial function
to approximate objective function in the given direction for the
numerical model. In an attempt to optimize the shape of the
microchannel, Li and Peterson [17] carried out a parametric study on
the geometry of the rectangular microchannel at constant pumping
power to find the optimal thermal resistance. Husain and Kim [18]
presented single-objective optimization of the microchannel heat
sink based on the surrogate methods. These studies reveal that
pressure- and/or pumping-power-constrained optimization limit the

applicability of the pumping source used at the microlevel. On the
other hand, multi-objective optimization eliminates these constraints
and provides a group of optimal solutions at various values of
objective functions and constraints. These advantages associated
with the multi-objective optimization provide impetus to the
application of a multi-objective evolutionary algorithm (MOEA) to
investigate a ribbed microchannel heat sink. The evolutionary
algorithm has been used as an effective tool for generating global
Pareto-optimal solutions in various engineering designs. Foli et al.
[19] performed shape optimization of a microheat exchanger and
obtained Pareto-optimal solutions using a fast and elitist
nondominated sorting genetic algorithm (NSGA-II) [20] in
combination with analytical and computational fluid dynamics
(CFD) analysis.

The present work deals with the application of a microrib in the
microchannel heat sink. Heat transfer enhancement analysis and
multi-objective optimization of the ribbed microchannel were
performed. The optimization methods involve the usage of hybrid
MOEA [21] in combination with three-dimensional Navier–Stokes
analysis and a surrogate model. As a surrogate model, response-
surface approximation (RSA) [22] is used to evaluate objective
function values required by the evolutionary algorithm to search
optimal solutions. A hybridmulti-objective evolutionary approach is
implemented using NSGA-II and a local search strategy. The global
Pareto-optimal front is explored to get inside of the tradeoff analysis
between the two competing objectives.

II. Microchannel Model

A schematic of a rectangular microchannel heat sink optimized in
the current study is shown in Fig. 1. Application of themicrorib in the
microchannels should not be impractical from manufacturing and
design points of view. Therefore, rectangular ribs are chosen as
passive heat transfer augmentation structures. The dimensions of the
heat sink under consideration are 10 � 10 � 0:5 mm. A silicon-
based microchannel can be fabricated for a moderate aspect ratio
(Hc=Wc) using KOH wet etching [1,7], whereas for a high aspect
ratio and complex geometries, it can be fabricated using other
sophisticated techniques such as anisotropic etching, LIGA
(lithography, electroplating, molding), and DRIE (deep reactive-
ion etching) [23]. In view of the previous optimizations [15–18], a
nearly optimum design of a smooth microchannel heat sink with
�� 0:175 and �� 0:075 with a channel depth Hc of 400 �m is
taken for the present study. Staggered microribs are placed at both
side walls of the microchannel, which comprise a large part of the
channel surface area subjected to wall heat transfer, as shown in
Fig. 2. Simulations are performed by varying geometric parameters
of the heat sink. A uniform heat flux is applied at the bottom of the
heat sink to elucidate the effect of the microchannel geometry on the
thermal resistance and pumping power.

III. Numerical Methods

Governing equations for conservation of mass, momentum, and
energy for the conjugate heat transfer in the microchannel can be
written in vector form as

Fig. 1 Schematic diagram of the microchannel heat sink.
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Mass:

r � ��f �V� � 0 (1)

Momentum:

�V � r��f �V� � �rp�r � ��fr �V� (2)

Energy for the fluid:

�V � r��fCp;fTf� � r � �kfrTf� (3)

Energy for the substrate conduction:

r � �ksrTs� � 0 (4)

The flow is assumed to be steady, incompressible, and laminar,
and radiation effects are neglected. Thermodynamic and hydro-
dynamic properties of the coolant are assumed to be constant (density
�f � 997 kg=m3, specific heat capacity Cp;f � 4:179 J=kgK,
dynamic viscosity �f � 8:55 � 10�4 kg=ms, and thermal con-
ductivity kf � 0:613 W=mK) at a reference temperature of 27�C to
save computational expenses and time in the optimization process.

The governing equations were solved using commercial code
ANSYSCFX11.0 [24]. The code usesfinite volume discretization of
governing differential equations, and the solution was based on the
semi-implicit method for pressure-linked equations (SIMPLE)
algorithm [25]. Because of symmetry of the microchannels, a single
microchannel was selected as the computational domain, as shown in
Fig. 1. To implement the practical conditions of the rate of heat
transfer at the fluid–solid interface of the ribbed channel, the full
length of the microchannel was taken into consideration, comprising
ribs on both of the sidewalls of themicrochannel. A hexahedralmesh
was generated in the specified computational domain.

Water flows into the microchannel at the inlet of the heat sink and
leaves at the outlet; the remainder of the heat sink is occupied by the
silicon substrate. The silicon part of the heat sink at the inlet and
outlet of the channel is maintained as an adiabatic boundary. A no-
slip condition is applied at the interior walls of the channel (i.e.,
�V � 0). For the conservative analysis of the heat transfer
enhancement and optimization, the thermal conditions in the z
direction are [15]

� ks
@Ts
@z
� q at z� 0 and ks

@Ts
@z
� 0 at z� Lz

The left and right surfaces of the computational domain shown in
Fig. 1 are assigned as symmetric boundary conditions.

The local Nusselt number can be calculated as

Nu� hconvdh
kf

�
qsfdh

�Tb � Ts�kf

The bulk temperature can be defined as

Tb �
R
Ac
uT dAcR

Ac
u dAc

IV. Optimization Techniques

A. Design Variables and Objective Functions

Three design variables, hrib=Wc (�),wrib=hrib (�), andWc=prib (�),
are chosen for the optimization and design points are selected using
three-level fractional factorial design. Table 1 shows these design
variables with their ranges. In this work, two different objective
functions are employed to optimize the microchannel heat sink: one
is thermal resistance related to the heat transfer performance, and the
other is pumping power to drive the coolant through the micro-
channel. Thermal resistance is defined by

Rth �
�Tmax

qAs
(5)

whereAs is area of the base of the substrate subjected to heatflux, and
�Tmax is the maximum temperature rise in the heat sink, defined as

�Tmax � Ts;o � Tf;i (6)

where Ts;o is the substrate temperature near the outlet, and Tf;i is the
fluid inlet temperature.

The pumping power required to drive the fluid through
microchannel heat sink can be evaluated as

P� n � uavg � Ac ��p (7)

where �p is the pressure drop, n indicates the number of channels,
uavg is the average velocity, and Ac is the cross-sectional area of the
microchannel.

The two objectives are competing in nature, because the decrease
in pumping power leads to an increase in thermal resistance. These
objective functions are calculated by solvingNavier–Stokes and heat
conduction equations at specified design points for a constant
Reynolds number. Polynomial response-surface curves [22] are
generated for individual objectives with the help of CFD calcula-
tions, and a hybrid multi-objective evolutionary approach is applied
to obtain Pareto-optimal solutions.

B. Surrogate Construction

Evolutionary algorithms require many evaluations for objective
functions to search the optimum solutions. Therefore, to evaluate
these objective function values, a surrogate is constructed to avoid
experimental or numerical expenses and to save time. Queipo et al.
[26] suggested application of various surrogate models, including
second-order polynomial approximation, for speeding up multi-
objective optimization of a liquid rocket injector. In the present
study, aRSAmethod is applied to evaluate objective function values.
Response-surface approximation is a methodology of fitting a
polynomial function for discrete responses obtained from numerical
calculations. It signifies the association between response functions
and design variables. For a set of N design variables xj, the linear

Fig. 2 Schematic of the rib structure.

Table 1 Design variables and design space

Design variables

Ranges of variables � (hrib=Wc) � (wrib=hrib) �(Wc=prib)

Lower 0.3 0.5 0.056
Upper 0.5 2.0 0.112
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response function is formulated as

fi �
XN

j�1
	jxij � "i (8)

where errors "i are independently distributed andwith zeromean and
variance �2; that is,

E�"i� � 0 and V�"i� � �2 (9)

In the matrix form, Eqs. (8) and (9) can be expressed as

f�X�� " (10)

E�"� � 0 and V�"� � �2I (11)

wheref is a columnmatrix ofM responses, andX is anM � Nmatrix
of design variable values. The least-squares estimate of 	 is

	̂� �XTX��1XTf (12)

The constructed second-order polynomial response can be expressed
as

f�x� � 	0 �
XN

j�1
	jxj �

XN

j�1
	jjx

2
j �

XXN

i≠j

	ijxixj (13)

For the second-order polynomial model used in the current study,
the number of regression coefficients is �N � 1� � �N � 2�=2.

C. Multi-Objective Evolutionary Algorithm

The preceding multi-objective optimization problem is
formulated as follows:

Minimize

�f� �x�

with theM function to be optimized.
Subject to

�g� �x� 	 0

with s inequality constraints.
Subject to

�h� �x� � 0

with t equality constraints, where

�f� �x� � ff1� �x�; f2� �x�; f3� �x�; . . . ; fM� �x�g

is a vector of M real-valued objective functions, �x is a vector of N
design variables, �x 2 RN , �g� �x� 2 Rs, and �h� �x� 2 Rt. The present
problem is associated with two competing objectives in which
improvement of one objective leads to deterioration of other
objective. Each feasible solution set �x of themulti-objective problem
is either dominated or nondominated, in which all nondominated
solutions are called Pareto-optimal solutions. Vector �xi dominates a
vector �xj if �xi is at least as good as �xj for all objectives and �xi is strictly
better than �xj for at least one objective.

The methodology used to generate the global Pareto-optimal front
is shown in Fig. 3. Objective functions are defined mathematically
and evaluated on the data obtained by numerical simulation. A
hybrid multi-objective evolutionary approach [21] is used to obtain
global Pareto-optimal solutions. In this method, first, approximate
Pareto-optimal solutions are obtained using real-coded NSGA-II
developed by Deb et al. [20] for two objective functions: thermal
resistance and pumping power. Here, real-coded means that the
crossover and mutations are conducted in real space to obtain a
response ofNSGA-II. These solutions are then refined by searching a
local optimal solution for each objective function over the whole
NSGA-II-obtained optimal solution using sequential quadratic

programming with NSGA-II solutions as initial guesses. The
sequential quadratic programming is a generalization of Newton’s
method, which is a gradient-based optimization technique. To
perform the local search two approaches are usually applied [21]. In
one approach, all the objectives are combined into a single composite
objective and the optimum is searched. In another approach, one
objective is optimized, treating the others as equality constraints, and
the process is repeated to all objectives. In the present study, the first
objective is optimized and the second objective is treated as an
equality constraint. The local search is repeated for the second
objective function, treating the first as an equality constraint. This
process gives two new sets of optimal solutions; those are then
merged with the NSGA-II solutions. From these solutions, the first
dominated solutions are discarded and then duplicate solutions are
removed to get global Pareto-optimal solutions. The process of the
local search improves the quality of Pareto-optimal solutions.

D. K-Mean Clustering

After a local search, there were 301 global Pareto-optimal
solutions. To find representative solutions from the Pareto-optimal
front, these solutions were grouped into seven clusters, applying K-
mean clustering [27]. It is an iterative alternating fitting process to
form the number of specified clusters. These clusters are distributed
uniformly along the Pareto-optimal front.

V. Results and Discussion

In this work, a 501 � 41 � 61 grid is used for a geometry of design
variables �� 0:3, �� 1:25, and � � 0:084. Grid independency is
checked by taking different grids in all Cartesian directions; it was
found that in comparison with the 501 � 41 � 61 grid, a 556 � 46 �
76 grid shows the change in the highest temperature in the substrate
within 0.2%, whereas a 301 � 31 � 41 grid shows more than 1%
change. Numerical solutions were validated for a smooth
microchannel by Husain and Kim [18], who used the same analysis
methods as in this work for a wide range of Reynolds number. In the

Fig. 3 Multi-objective optimization procedure.
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preceding validation of the numerical scheme, half of the micro-
channel was used, accessing the advantage of symmetry. Further
validation of the numerical results for a microchannel with rib is
performed with the experimental results of Hao et al. [28], as shown
in Figs. 4 and 5, in which numerical results show good agreement
with the experimental data.

The present model is applicable to both macro- and microflows,
though the temperature dependence of properties (variable prop-
erties) plays an important role in microflows when heat transfer
occurrence is due to scaling effects with respect to different orders of
magnitude of Reynolds number and axial temperature gradient [30].
The flow is assumed to be steady, incompressible, and laminar. Heat
transfer analysis was performed in terms of Nusselt number.
Spanwise-averaged Nusselt numbers are evaluated at different loca-
tions in flow direction for a smooth microchannel at constant mass
flow rate and comparedwith the averageNusselt number obtained by
Shah and London [31] and Copeland [32], as shown in Fig. 6. The
Nusselt number is averaged over the line on three interfaces, except
the top wall, which is kept adiabatic. For fully developed flow in a
three-side-heated smooth microchannel, the Nusselt number was
presented by Shah and London [31] as

Nufd � 8:235�1 � 1:883�� 3:767�2 � 5:814�3 � 5:361�4 � 2�5�
(14)

Taking into account the thermal entrance-length effect, the equation
was fitted on the data from Shah and London [31] by Copeland [32]
for the mean Nusselt number as

Numean � 
f2:22�x���0:33g3 � f�0:02� 8:31Gg3�1=3 (15)

where the distance along the channel in the thermal entrance region
x� is characterized as x� � x=RedhPr. Higher values of Nusselt
number are found near the inlet, due to the entrance effects. The rate
of heat transfer is higher at the top of the rib and lower at the upstream
and downstream of the rib, as shown in Fig. 7. The fluid deflected by
the rib reaches the opposite wall with higher velocity due to the

reduction in flow area, which leads to the higher rate of heat transfer
on the opposite wall and rib. The loss of velocities just upstream of
the rib and the recirculation due to the sudden expansion of the fluid
just downstreamof the rib lead to the formation of higher temperature
zones at these locations, shown in Fig. 8, due to lower heat transfer
than the other locations on the surface. The higher velocity of the
mainstream bulk flow separated by shear layer with the recirculating
flows at downstream leads to the higher heat transfer on the wall
opposite to rib. The shear layer then reattaches to the walls at a point
away from the rib and a new boundary layer develops, which reaches
to the next rib and develops a very small region of recirculation
upstream of the next rib. The two-dimensional projections of
streamlines on the planes perpendicular to themainfloware shown in
Fig. 9. The turning of streamlines near the rib upstream results in low-
intensity recirculation, whereas the turning of streamlines near and
on the rib downstream intensifies recirculation, which helps the

Fig. 4 Comparison of numerical model predictions with experimental

results for a roughmicrochannel (dh � 154 �m): a) experimental results

[28] and b) present numerical model.

Fig. 5 Comparison of numerical model predictions with experimental

results for a roughmicrochannel (dh � 191 �m): a) experimental results

[28] and b) present numerical model.

Fig. 6 Spanwise-averaged Nusselt number distributions in flow
direction for a smooth microchannel and comparison with mean Nusselt

numbers by Shah and London [31] and Copeland [32].
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secondary flow development in the flow direction, as shown in
Figs. 9a–9c. Boundary layers at the top and bottom walls of the
microchannel are influenced by the rib and a secondary flow
develops within it. The flow then rolls up laterally, which in turn
results in large vortical structures in the crossflow direction away
from the rib, as shown in Fig. 9d. Distributions of the normalized
streamwise vorticity on the planes perpendicular to the main flow
direction are shown in Fig. 10. The streamwise vorticity
(@w=@y � @v=@z) is normalized by the ratio of average velocity to
hydraulic diameter (uavg=dh). The front surface of the rib is located at
x=Lx � 0:5128. The presence of intense secondary flow just
upstreamof the rib results in high vorticity in this region, especially at
the corners, as shown in Fig. 10a. The intensity of vorticity becomes
lower over the rib surface, but further increases as the fluid moves
downstream of the rib, due to the presence of higher magnitude of
secondary flows that expand laterally toward the center from the
walls in Figs. 10b and 10c. At a plane downstream away from the rib,
vorticity becomes relatively weak but covers a larger flow region, as

shown in Fig. 10d. The streamwise vorticity increases again as the
next rib is approached.

Thermal resistance and pumping power for a ribbedmicrochannel
was critically analyzed and compared with the smooth microchannel
to attain insight into the advantages associated with the ribbed
microchannel heat sinks. Figures 11a and 11b show the variation of
thermal resistance and pumping power with mass flow rate. In
Fig. 11a, the thermal resistances in the ribbed channels are smaller
than those in a smooth channel at same mass flow rate, and they
decrease with an increase ofmass flow rate at a higher rate in a ribbed
microchannel than in a smooth microchannel. But for the same mass
flow rate, the pumping power in a ribbed channel is much higher than
in a smooth channel, and the rate of increase of pumping power with
the mass flow rate is also higher in a ribbed microchannel, as shown
in Fig. 11b. Thus, the thermal resistance is decreased by a ribbed
structure for a fixed mass flow rate at the expense of higher pressure
drop or pumping power. Figure 11c shows the correlation of the two
conflicting objective functions: thermal resistance and pumping
power. The mass flow rate at a given pumping power is first
calculated in a way similar to that by Husain and Kim [18], and
thermal resistance is then calculated by numerical simulation.

Fig. 7 Normalized Nusselt number distributions on the line along the
flow direction at the midheight of the channel for �� 0:4, �� 2:0, and
�� 0:112 at z=Lz � 0:6 for a) full length and b) pitch length.

Fig. 8 Velocity and temperature fields on x–y planes at z=Lz � 0:6 for�� 0:4,�� 2:0, and�� 0:112: a) velocity vectors and b) temperature contours.

Fig. 9 Streamlines on y–z planes for�� 0:4,�� 2:0, and �� 0:112 at
a) x=Lx � 0:5123, b) x=Lx � 0:5156, c) x=Lx � 0:5189, and

d) x=Lx � 0:5325.
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Thermal resistance in ribbed channels is generally higher than in
smooth channels in the range of pumping power, shown in Fig. 11c,
but the rate of decrease of thermal resistance in a ribbedmicrochannel
is higher than with a smooth microchannel, and beyond a certain
pumping power, thermal resistance in the ribbed microchannel
becomes lower than in the smooth microchannel. As shown in
Fig. 11b, the mass flow rate associated with pumping power is much
higher in the smooth channel than in the ribbed channel. Thus, the
lower thermal resistance in a smooth channel in Fig. 11c is due to the
highermassflow rate in the smooth channel. However, the difference
in thermal resistance shown in this figure becomes smaller as
pumping power increases, because the advantage of the ribbed
structure in enhancing heat transfer increases with mass flow rate, as
shown in Fig. 11a. Therefore, it is found from the preceding
discussion that the advantage of the ribbed structure strongly
depends on the design condition of the ribbed microchannel, and the
effect of each design variable on the performance of the
microchannel heat sink needs to be investigated.

Design variables contribute differently to the objective functions.
Sensitivity analysiswas performed tofind the respective contribution
of design variables to the objective functions. Figure 12 shows the
variation of objective functions with the variation of design variables
around the center point in the design space: �� 0:4, �� 1:25, and
� � 0:084. Each design variable is varied around this point in both
directions, while keeping the other variables fixed. The objective
function values at these sets of design variables are calculated using
the surrogate model. Objective functions, thermal resistance, and
pumping power are most sensitive to the design variable �, whereas
these objective functions are least sensitive to�. The height of the rib

is primarily responsible for the generation of secondary flow, which
is further intensified by the top and bottomwall interactions. Because
the placement of the next rib in the flow direction is away from the
reattachment of the shear layer, even in the extreme cases, the pitch of
the rib is the less effective factor to the objective functions. It can be
seen that any change in design variables leads to small changes in
thermal resistance and significant change in pumping power.

Initially, 24 design points are chosen in the design space by
fractional factorial design, and objective functions are calculated
numerically at these points. With these computational data, the RSA
method is used to evaluate objective functions values required at
many locations in the search of optimum solutions. In the RSA
method, analysis of variance and a regression analysis provided by t
statistics [22] are implemented tomeasure the uncertainty in the set of
coefficients in the polynomial. The values of R2 and R2

adj and the

prediction error sum of squares for second-order curve-fitting are
given in Table 2. These values are reliable in reference to the value of

Fig. 10 Normalized streamwise vorticity distributions on y–zplanes for
�� 0:4, �� 2:0, and �� 0:112 at a) x=Lx � 0:5123, b) x=Lx � 0:5156,
c) x=Lx � 0:5189, and d) x=Lx � 0:5325.

Fig. 11 Variations of thermal resistance andpumping powerwithmass
flow rate and variations of thermal resistance with pumping power in

smooth (�� 0:0) and ribbed microchannels (�� 0:3 and �� 0:112):
a) thermal resistance, b) pumping power, and c) thermal resistance

versus pumping power.
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0:9< R2
adj < 1:0 suggested by Giunta [33] for accurate prediction of

the response-surface model. The functional forms of the objective
functions obtained by RSA in this work are represented as

Rth � 0:186 � 0:004�� 0:001� � 0:001� � 0:002��

� 0:004�� � 0:002�� � 0:001�2 � 0:001�2 � 0:001�2

(16)

P� 0:043 � 0:003�� 0:008� � 0:011��� 0:026��

� 0:003�� � 0:028�2 � 0:004�2 � 0:001�2 (17)

The preceding polynomial functions are used to evaluate the
objective function values at different locations required byMOEA to
search Pareto-optimal solutions. A real-codedNSGA-II is invoked to
obtain well-spread approximate Pareto-optimal solutions with 250
generations of 100 populations. The crossover and mutation
probabilities are set to 0.95 and 0.25, respectively. The crossover and
mutation parameters are decided as 10 and 50, respectively. These
parameters are adjusted one by one to suit the nature of the problem.
After a local search, there are 301 optimal solutions; those are called
global Pareto-optimal solutions. K-mean clustering is performed to
find a representative solution for a group of solutions. Five
representative clusters are formed, as shown in Fig. 13, along with
the NSGA-II and global Pareto-optimal solutions. The values of
objective functions and corresponding design variables at these five
clusters are presented in Table 3.

The shape of the Pareto-optimal front suggests that the two
objective functions are convex in nature, and for every fixed value of
one objective, there is one optimum value of the other objective
function. Each extreme end of the Pareto-optimal front represents a
set of the highest value of one objective function and the lowest value

of the other objective function. Because of the conflicting nature of
the objective functions, which was presumed before obtaining the
Pareto-optimal front, improvement of one objective leads to
deterioration of the other objective. Here, it can be noticed that no
solution out of 301 optimal solutions is superior to another in both
objectives, because each solution is a global Pareto-optimal solution.
The tradeoff analysis shows that at point A, lower thermal resistance
is obtained at the expense of higher pumping power, whereas at
point C, thermal resistance is higher at lower pumping power. The
Pareto-optimal front changes its gradient significantly near point B.
A designer can pick the optimal solution according to the pumping
power available to drive the fluid or thermal resistance required. A
Pareto-optimal curve (POC) is obtained by fitting a fourth-order
polynomial for two objectives representing thermal resistance as a
function of pumping power, as shown in Fig. 13. The fitness
parameters are set asR2 � 0:9997 andR2

adj � 0:9997, and the global
mean square error is 6:77 � 10�5. Only the extent of POC bounded
by global Pareto-optimal solutions represents the global Pareto-
optimal front. The trend of POC shows that thermal resistance and its
gradient decreases with increasing pumping power. It can be seen
from the Pareto-optimal front that an efficient tradeoff lies between
points 1 and 5 in Table 3.

A deeper insight into the sensitivity can be attained by analyzing
the variation of design variables along the Pareto-optimal front, as
shown in Fig. 14. This analysis gives designers freedom to choose an
economic combination from the design and manufacturing points of
view. The distribution of design variables over the Pareto-optimal
front is studied by plotting these design variables against both
thermal resistance and pumping power, corresponding to the five
clusters of Pareto-optimal solutions shown in Fig. 13. It is observed
that � shows alternating decreasing and increasing characteristic,
whereas � and � show continuously decreasing characteristics along
the optimal front, which is the direction of increasing thermal
resistance and decreasing pumping power. The design variable � is
found to be the most Pareto-sensitive (sensitive along the Pareto-
optimal front) and its value varies in the entire design range along the
Pareto-optimal front, whereas � is found to be the least Pareto-
sensitive and � lies between the two. Although the design variable �
is found to be the most effective design variable to objective
functions (see Fig. 12), the change in its value along the Pareto-

Fig. 12 Sensitivity analysis for ribbed channel with �� 0:4, �� 1:25,
and �� 0:084: a) thermal resistance and b) pumping power.

Table 2 Results of analysis of variance and regression analysis

Objective
function

Order
of polynomial

R2 R2
adj Prediction error

sum of squares

Rth 2 0.995 0.991 2.37e-3
P 2 0.994 0.991 3.8e-4

Fig. 13 Pareto-optimal solutions using the hybrid multi-objective

evolutionary approach, NSGA-II, five clusters, and global POC.

Table 3 Objective functions and design variables for five clusters from

global Pareto-optimal solutions

Design variables

Clusters � � � Rth P

1 0.010 0.528 0.000 0.1865 0.0423
2 0.196 0.996 0.032 0.1849 0.0474
3 0.120 0.995 0.972 0.1820 0.0585
4 0.484 1.000 1.000 0.1782 0.0800
5 0.831 1.000 1.000 0.1745 0.1082
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optimal front is less than the �, which is the least effective design
variable.

VI. Conclusions

The present study demonstrates the analysis of a staggered-rib
microchannel heat sink and its multi-objective optimization with the
help of the hybrid multi-objective evolutionary approach. Design
variables related to microrib height, width, pitch, and channel width
are selected for optimization purposes. Objective functions, thermal
resistance, and pumping power are obtained numerically at specified
design points to conduct regression analysis. Global Pareto-optimal
solutions are obtained using NSGA-II in combination with a local
search strategy. In the view of optimization performed in this study,
the following conclusions can be drawn. A Pareto-optimal front
reveals the existing tradeoff between thermal resistance and pumping
power to optimize the microchannel heat sink. For fixed mass flow
rate, ribmicrostructures decrease thermal resistance at the expense of
pumping power higher than the smooth microchannel. Thermal
resistance in ribbed channels is generally higher than in smooth
channels for fixed pumping power, but the difference in thermal
resistance reduces as pumping power increases. Therefore, the
advantage of the ribbed structure in the microchannel heat sink
strongly depends on the design condition of the microchannel.
Although the ratio of rib height to width of channel is found to be the
most effective design variable to objective functions, the change in
its value over the Pareto-optimal front is less than the ratio ofwidth to
height of the rib, which is the least effective design variable. The ratio
of channel width to the pitch of the rib shows the highest Pareto
sensitivity (sensitivity along the Pareto-optimal front) and its value
covers the entire design range, whereas the ratio of width to height of
the rib is found to be the least Pareto-sensitive and the ratio of rib
height to width of channel lies between the two.
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